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ABSTRACT 


The major objective of this thesis is to inves- 
tigate the conjecture that static black holes in Brans- 
Dicke theory are precisely the same as in general relativity. 
With this objective in mind, we first give a rigorous 
mathematical definition of a black hole, due to Hawking, 
and then discuss the Israel-Carter conjecture, that a black 
hole always settles down to a Kerr solution, assuming 
everything becomes stationary eventually. We then discuss 
the Brans-Dicke theory, giving a brief summary of the 
predictions and consequences of this theory. Finally, we 
prove that the scalar field 6 of the Brans-Dicke theory 
must be constant if a black hole occurs.in a static space- 
time. Thus, for the static case, black holes in Brans- 


Dicke theory are precisely the same as in general relativity. 
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CHAPTER TI 


Introduction 


Fal ap lacie ndtes 

Black holes have been the subject of a great 
deal of investigation in recent years. Briefly, a black 
hole is a region from which no future-directed null or 
timelike curve can escape; it is assumed that singularities 


in gravitational collapse are hidden in black holes. 


It is known that black holes exist in the 
Schwarzschild and Kerr solutions of general relativity, 
and there has been a great deal of interest in the question 
of whether other solutions also yield black holes. It has 
been conjectured that every black hole settles down to a 
Kerr solution, assuming that everything becomes stationary 
eventually. The results of Israel [14], Carter [3,4], 
Hawking [12], and others lend a great deal of support to 


this conjecture. 


§1.2 Brans-Dicke Theory 

Although Einstein's general theory of relativity 
is widely accepted by physicists, there are valid reasons 
for postulating rival theories. Perhaps the major reason 
is the opportunity of testing general relativity which a 


rival theory gives, as it is difficult to test a prediction 
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of general relativity unless one has the prediction of 
another theory for comparison. Many rival theories have 
been postulated over the years, a major one being the 
scalar-tensor theory of C. Brans and R. H. Dicke [2] 


which first appeared in 1961. 


This theory was originally motivated by an 
attempt to incorporate Dicke's interpretation of Mach's 
principle into general relativity. Dicke introduced a 
scalar field ¢, which has as its source the matter 
distribution in space. The locally measured gravitational 
constant G varies as the inverse of the scalar field 6. 
Note, therefore, that the gravitational "constant" of 


Einstein's theory is not constant in Brans-Dicke theory. 


Up to the present time, this theory has not 
been disproved experimentally, as no differences have been 
found in qualitative predictions, and the differences in 
quantitative predictions have been so slight as to be 


hidden by the error bounds in the present experiments. 


oP. 3 Black Holes in Brans—-Dicke Theory 
In the light of the preceding remarks, it would 


be of interest to study black holes in the framework of 
the Brans-Dicke theory to discover whether there is any 
qualitative difference between the two theories concerning 


this phenomenon. 
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Chapter II contains a survey of recent mathema- 
tical work on black holes, including the precise mathema- 
tical definition proposed by Hawking, and a discussion of 
the results of Israel, Carter, and Hawking concerning 


Stationary black holes. 


In Chapter III we will discuss some of the pre- 
dictions and consequences of Brans-Dicke theory, and the 


Supporting experimental evidence. 


In Chapter IV we will prove our result that 
Static black holes in Brans-Dicke theory are Schwarzschild 
[15]. This result had been expected, and has recently 
been obtained independently by Hawking [13] and Bekenstein 
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CHAPTER LI 


Black Holes 


In various recent papers, Penrose [24], Hawking 
[12], Geroch [11], and others have applied the methods of 
topology and differential geometry to relativity. This 
approach allows a rigorous mathematical definition of a 
black hole to be formulated. For this purpose, then, it 


is useful to review the pertinent definitions. 


Sele beftanitaons 


Throughout this discussion, M will be a 4-dim- 
ensional time-oriented differentiable manifold with a 


smooth metric g Ofasignature (=+++).. 
a 


B 


If there is a future-directed geodesic path 
(causal trip) from a to b, whose pieces may be either 
iio keno. sul lyaweewriteva<b (a causally precedes b), 
where a path is a broken geodesic. Jt (a) ={b|a<b} is 
called the causal future of a. If, however, we are re- 
stricted to piecewise timelike géodesics (trips), then 
we write a<<b (a chronologically precedes b), and I (ajy= 
={b|a<<b} is called the chronological future of a. The 
pasts are defined similarly. Let S¢€M. Then the future 


of S is It(S]J=(/{1I"(x)}. It can be shown [17] that I*[S] 
xES 
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tS open, for any S, 1 [S}={x|1*(x)¢ Ss}, and, therefore, 


dI*[S]={x|I+(x)¢S and x¢s}. 


A subset S of M is called achronal iff no two 


points of S are chronologically related. 


Define the set E'[S]=J*[S]\It[S]. Then Et[S]< 
dI*[S], and, if S is closed, Et[S] is the portion of 3I*[S] 
which may be connected to S by null geodesics. A non-empty, 
closed, achronal set S is said to be future-trapped suse 


E’(S] is compact. 


Let SEM. Define D+t(S)={xeM| every trip through 
x with no past endpoint meets S}. Similarly for D (S). 
Then D(S)=Dt(S)VD (S) is called the domain of dependence 


rohe hee 


Penrose's concept of an asymptotically simple 
Space-time [24] is the next tool used by Hawking in his 
definition of a black hole. If a space-time M, with 
metric ds*, is extendible, i.e. to a conformal manifold 
with boundary M>2M (int M=M, 3M=M\M) such that there exists 
a smooth, real-valued function 2(>0) on M and a smooth 
pseudo-Riemannian metric dS” on M (consistent with its 
conformal structure), such that ds?=27d8&* on M, ondM we 
have 2=0, 9 2t0, and every null geodesic in M has two 


endpoints on 3M, then M is said to be asymptotically simple. 
A space-time M is said to be weakly asymptotically simple 
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if an asymptotically simple M exists such that for some 
open subset K of M,, with 9M,°K, the region M,\K (with 
metric induced from Mo.) is isometric with a subset of M. 
That is, a weakly asymptotically simple space-time posseses 
the conformal infinity *=9M, of an asymptotically simple 
Space-time, but it may possess other "infinities" as well. 
The boundary of M in M consists of two null hypersurfaces 
I+ and ¥-, which each have topology S*xR! and which rep- 
resent future and past null infinity respectively. (Weak 
asymptotic simplicity is, in essentials, the same as 


Bondi-Sachs asymptotic flatness). 


Hawking [12] then says that a weakly asymptoti- 


Cally simple space is (future) asymptotically predictable 
iff there exists a partial Cauchy surface S such thace 
lies in the closure in M of D* (Ss). (Vote [Siar ato) }epasi we 
A partial Cauchy surface is a space-like surface without 
edge which does not intersect any non-space-like curve 
moze than once. If SCM is achronal and closed, the edge 


of S is defined by edge S={xeS|Vy,z, > z<<x<y, there is a 


trip [zy] not meeting S}. 


In an asymptotically predictable space, it can 
be shown [12] that the future incomplete non-space-like 
geodesic in I*[T], where T is a closed, trapped surface, 
is invisible from ?’+. That is, ToI7~[9t]=6. Since I7[37*] 


does not contain T, its boundary, dI~ [9+], must be non- 
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empty, and this is the event horizon. It is the boundary 
of the region from which particles or photons can escape 


EOmInNEIniLey. 


A space is strongly asymptotically predictable 
if, in addition to being asymptotically predictable, 


Teel S lal 91) siisedineD*S) «co Ina strongly asymptotically 
predictable space, one can construct a family S(t) (t>0) 

of partial Cauchy surfaces in D‘t(S) such that 

(a)os for tert, S(t, )eT [s(t,)]; 

(b) each S(t) intersects 3¢ in a 2-sphere A(t); 

ey) tor each t>0, S(t)UL3tHI7 [A (t)]] is a Cauchy surface 
forep. (S)}. [12]% 

For sufficiently large t, the surfaces S(t) will intersect 
the event horizon, so B(t) defined as S(t)n 917 [97] will be 
non-empty. A black hole on the surface S(t) is a connected 


component of B(t). 


Several properties of black holes follow quickly 
from this definition. [12]. As time increases, black 
holes may merge together, and new black holes may be 
created by further bodies collapsing, but a black hole can 
never bifurcate. Also, the surface area of B; (t;) and 
Bs (t, Jhont thes surfacerS(t;) merge totform a single: black 
hole SgiitydtonpaPilater, surface S(t2), then the sarea of 
B, (t,) must be. strictly (greater thanethe sum of the areas 


of By (tay and By tinlys 


a ae ¥ 
- | se ae 7) 
a0 - f 


"i; 
mr . 


— 
ee ee +7 m-vinont dgaave sds ef e6Lns Ans Yogi — 


{a 
~ awk - EJ 
we — : : ae gary {= row ToxrtL moLlpepol ena to" 


> Ts ( i t " > 4 . 
= - - 4 
= 
j 
i 
- 
~e fa " Pes 
=, - 4 if ) c =p qo "s 
. * 
, —- - <j a a 
5 OF ive Y HoIiFivoos Ms 
1 b J © = 
? e 
- ; «J i 
r - j 
- ‘oF i \¢ a} 7 \ J 3] 7! 
re ~ a, 
‘ -f errs 4 ~ = rr 4 ete Me. Nes! =, j= 
¢ 
—" - a | = 
<1 | i AS ‘ A ’ - i J he te $16 
2 5 «9 
; - + < t TOT 
{ } - a ’ J 4 
; , - . 
. ‘ rT 34ra i y ia ADE 
4 ~ 
af - at os } “yp $< ca ve So Nae 
. : i4 At f ia} ,VU<o HOS OF 
‘ 
re py P)TE 
| ~- 5 * *4 J 
° 
- ‘4 + 
' —_ ‘tra rte ss r 
4 ' { ty J 5. rTivg 


A fea g = ra pf 5 ; 4 ‘pak citi 
7. . ' (+ ; se ; ary 10 SLo8 i565 td p © Yoga 


: \, = 
“ rs i rn ) 
d wen bas ,tojddepos sptem yam solon 
oe. a — * 

: ‘ ‘ , a af 7 P P ae, 
geo sliod Ansid 6 tud ,pniagsiion esihod sedavat yd boyesio. 
= ~ a - med * i. 


, — ‘ 
66 , 1 eior = 
a ¥ sass a a Pas Be 


ey) 


‘30 sS%6s SoBtiIve. ord ot A ~9g6o7N2 id teven_ 


- } i 
eit so ( (3) a 


§2.2 the Israel - Carter Conjecture 


One very important area of investigation con- 
cerning black holes is the question of whether black holes 
are formed whenever a mass m is compressed until its cir- 
cumference is less than or equal to 4mm in every direction, 
regardless of whether the collapse was spherical or non- 
spherical. A great deal of research has been done along 
these lines by Israel [14], Carter [3,4], and Hawking [12], 
among others. In this section, we will briefly summarize 


some of their conclusions. 


Hawking [12] has considered spaces which satisfy 
the following conditions: 
(i) They are weakly asymptotically simple; 
(ii) They are stationary; i.e. there exists a one-par- 
ameter isometry group o,: M>M whose Killing vector Kees 
timelike near “* and 3°"; 
(iii) There exist both a past event horizon 31*[37] and 
a future event horizon 3I7[9*]; 
(iv) There exists a partial Cauchy surface S from which 
the exterior region I*[9~Jn1I [St] can be determined. That 
is, the exterior region is contained in D(S); 
(v) The two event horizons 31'[97] and 317[9*+] intersect 


in a compact surface F. 


Note that the existence of the past event hor- 


izon is to be understood as a condition on the analytic 


oer 


MSHA LNIsS- 


(2) a at bens einen anal rodzesxs' = 


aol 
ie re - 


continuation of the stationary solution to which the real 
solution tends. Ina real situation where an initially 
nonsingular body collapses there will not be a past event 
horizon. However, Hawking has justified this condition by 
noting that one does not expect a fundamental difference 


between future and past in a stationary solution. 


Hawking has proved that any rotating black hole 
satisfying the above five conditions must be axisymmetric, 
and he has then conjectured that any stationary black hole 
will be either static or axisymmetric. He has also proved 
that the surface F which is the intersection of the two 


horizons has the topology S?”. 


PespacestamesM tousaldatO) DeraSymptocical ly 

Euclidean iff [18] 
(i) There exists a compact KCM and a diffeomorphism 
¢: M|K +R*|B where B is a closed ball centered at the 
Groin: 
(ii) With respect to the standard coordinate system in 
a ae 

1) 
where |x|]? = ( x1)2, 


1=1 
For stationary space-times, this implies Hawking's 


eo Oieumeneree cee 8 O((x|0%)  ; 
4 kK 


eonditilon.ot aSymptoti+casimplicity. 


Israel [14] has shown that a space which 
(i') is asymptotically Euclidean, and satisfies (ii), 


(iv) and (v) as above, must be the exterior Schwarzschild 
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Space-time if it also satisfies the following conditions: 
(Vl etlte rs eMpty, -4.e. yar in the exterior region; 
(Ul1)eelt 1S Static, and not merely stationary, i.e.the 


Killing vector K* is hypersurface orthogonal, so 


aByé 
n ek =0; 
Boye6 
(viii) The gradient of isola is not zero anywhere outside 
the horizon. This means that there is no neutral point 


at which a particle can remain at rest outside the black 


hole. 


Carter [3,4] has shown that spaces which satisfy 
fijeto (vi) and 
(ix) are axisymmetric, 
(x) the surface F which is the intersection of the two 
horizons has the topology S?, 
fall into disjoint families, each depending on at least 
one and at most two independent parameters (one of which 
can be taken to be the asymptotically defined angular 
momentum h about the axis). One such family is known to 


exist, namely the Kerr spaces with h«m’. 


Wald [29,30] has shown that the analytic family 
of electrovac black hole metrics containing the Schwarz- 
schild metric is completely spanned by the Kerr-Newman 
space-times with a*+ e’?<m*. That is, the Kerr-Newman 
black holes are the only black hole solutions obtainable 


by analytic variation of the space-time geometry starting 
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from the Schwarzschild geometry. 


These results taken together strongly suggest 
that every black hole settles down to a Kerr solution, 


assuming that everything becomes stationary eventually. 
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CHAPTER? 11iT 


Brans-Dicke Theory: 


Predictions and Consequences 


§3.1 Preliminaries 
The field equations of the Brans-Dicke theory are: 
Ii} = R - — #1 = /Y 
KTyg = (yg - 1/2 Rogge) - wh" 1 (97,47, - 1/2 0%, 5,2) 
~$ 708 17 DOS ye ’ 


and 
s= ¢/Y. = AS 
No ) i (k/ (2w+3))T “: 


where w is a constant which has a suggested value of about 


6, and which tends to ~ in the limit of general relativity. 


In this representation of the theory, test part- 
icles follow geodesics, and the gravitational "constant" G 
is only locally constant. However, for many purposes a 
different representation [8] of the theory is more convenient. 
i q = T =~ 1G71 
Under the conformal transformation cher: oo T 48 Gao Goel 


aB 
the field equations take the form 


es = r ~ = y=! 2 a Ad ~V 6 
KGoTyg=Rog ~ 1/2 GygR - (3+2w) A2Gob (747g - 1/2 GygG' 07,975) 
O(1n ¢) = k/(3+2w) TY, 


where differentiation is with respect to Tyg 


- 13 - 


In this frame, test particles do not follow 
geodesics, and the mass of the test particles is only 
locally constant, varying as o7 v2 but the gravitational 


constant has a constant value G, everywhere. 


The weak-field solution for a stationary mass 
point of mass M, comparable to the weak-field solution in 


general relativity, is 


d=65 + 2M/(3+2w)c?r , 
Goose tebe 4 /rc*)[1-+ 1/(3+20)] 


ehh PeteneMone /rCa) [| lo-11/.(3t2u) |, a=) 253 


=05 a+ 
The spherically symmetric static solution is 


conveniently obtained by expressing the line element in 


isotropic form 


ds?= -e2%at? + e298 far? + r? (a0? + sin?6 ad?)] 
where a and 8 are functions of r only. For w>3/2, the 


general vacuum solution can be written in the form 


e2% = e2%° 1 (1-B/r)/(14+8/r) 127 
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ape (14+8/r) *[ (1-B/r) / (1+B/r) ]2 (A7E7 IZA) 
f= es LAE ey eee 
where A* = (ct1)* - c (l-we/2)> 0. 


In case $= constant, the vacuum scalar-tensor equations 


reduce to the vacuum Einstein equations, whose general 
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spherical solution is that of Schwarzschild. 


§3.2 Predictions and Consequences 


In considering any relativistic theory, it is 
natural to begin with its predictions concerning the three 
famous tests of general relativity, namely the gravitational 
red shift, the gravitational deflection of light, and the 


perihelion rotation of Mercury. 


If the gravitational constant is defined as 
G,=¢6. | (4+2w) (3+2w)7!, then the Brans-Dicke theory is in 
agreement with general relativity concerning the gravita- 


Eronoa ered shire. 


The light deflection computed from the Brans- 
Dicke theory is 

60=(4G,M/Rc7) [ (3+2w) /(4+2u) ], 
where R is the closest approach distance of the light ray 
to the sun of mass M. It differs from the general rel- 
ativity value by the factor in brackets. However, the 
accuracy of light deflection observations is too poor to 


set any useful limit to the size of w. 


When the perihelion rotation rate of a planetary 
orbit is calculated using the above vacuum solution, the 
result is 

[ (4+3w) /(6+3w)] x -(general relativity value). 


If it is assumed that the observed relativistic perihelion 
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rotation agrees with an accuracy of 8% or less with the 
computed result of general relativity, it is necessary to 
have W26. For w=6, the computed relativistic perihelion 
rotation rate is 39.4" arc / century. The value computed 
from general relativity is 42.89" arc / century. In the 
classical theory, 42.6" arc / century of the observational 
result was unaccounted for. However, measurements of the 
solar oblateness made by Dicke and Goldenberg [9] in 1966 
seem to imply that 3.4" arc / century of the observed rate 
are accounted for by solar oblateness. After this is sub- 
tracted from the observed residual, there remains an 
effect, presumably relativistic, of 39.6" arc / century 


which lends support to the Brans-Dicke theory. 


This result of Dicke and Goldenberg generated a 
great deal of interest in the Brans-Dicke theory, and a 


great many results were soon forthcoming. 


Noerdlinger [21] proved that the constant w 
must be non-negative. Toton [28] demonstrated that the 
Brans-Dicke theory is not a substantial improvement over 
general relativity with respect to Mach's Principle, since 
both theories disagree with Mach's Principle concerning 
solitary charged point particles and solitary neutral 


point particles. 


Peters [25] geometrized the Brans-Dicke scalar 


field; Nutku [22] and Estabrook [10] derived the post- 
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Newtonian equations of hydrodynamics in the Brans-Dicke 
theory. Cocke and Cohen [6] showed that the Cauchy problem 


can be posed in a manner similar to general relativity. 


Morganstern and Chiu [19] showed that, since 
Scalar waves strongly damp the pulsation of neutron stars, 
the »sscalarjfield«could be ruled out. if a.neutron star is 


found to pulsate. 


Dehnen and Obregon [7] have shown that the cos- 
mological solutions are in accordance with the usual data 


of age and mass-density of the universe. 


O'Connell and Salmona [23] examined the radiation 
of gravitational waves in Brans-Dicke theory and showed 
that for all values of the eccentricity e of the orbit, the 
Brans-Dicke theory predicts that the rate of gravitational 
radiation from a system of binary stars is always smaller, 
by a factor of the order of 15/16 (where w=6), than the 


rate predicted by Einstein's theory. 


Shapiro, et. al., [26] found that the experimen- 
tally measured bound on the time variation of the gravita- 
tional constant, G/G, is below 3 parts in 10!'!?, which is 
nearly the value suggested by Dicke for the fractional 


yearly rate of change of G. 


Sramek's [27] measured value for radiation de- 


flection is in good agreement with Dicke's predicted value, 
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but is only 2 standard deviations from the general relativity 


prediction, so it is not a very strong result. 


Dicke [5] has noted that the existence of scalar 
waves could cause variations in the moon's period, variations 
in earthquake rates, a general expansion of the earth, an 
adiabatic decrease in the internal temperature of the earth, 
and a decrease in the surface temperature of the earth. 
However, none of these Betaces can be reliably tested due 


to the complexity of the systems involved. 


Thorne, Will, Ni [20], and their group at Cal. 
Tech. have recently been studying twentieth-century theories 
of gravity, and have called a theory viable if 
(1) ait is self-consistent, 
(2) it is complete, 
(3) it agrees, to within several standard deviations, with 
all experiments performed to date. 
According to this definition, the Brans-Dicke theory has 


been found to be one of the few viable theories. 


In light of the recent interest in black holes, 
it is not surprising that there has been speculation about 
black holes in Brans-Dicke theory. It was conjectured by 
Penrose and others that black holes in Brans-Dicke theory 
are precisely the same as in general relativity. This 


conjecture will be proven in Chapter IV for the static case. 
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CHAPTER IV 


Static Black Holes in Brans-Dicke Theory 


§4.1 Preliminaries 


Having briefly discussed both black holes and the 
current status of the Brans-Dicke theory, we are now in a 
position to investigate black holes within the framework of 
the Brans-Dicke theory, keeping in mind the possibilities 
of testing general relativity which would be afforded if a 
qualitative difference between the two theories in this 


respect was detected. 


In particular, we shall restrict our attention to 
Static space-times, as defined in Chapter II, and the 


vacuum form of the Brans-Dicke field equations, as follows. 


o x -1 ex as 
i Dd y8 , 
and 
ee, = 0 
Cid :=$ "Ee ° 


Greek indices run from 0 to 3, small Latin 
indices: from. 1 to '3,.and capital Latin indices fromeZ econ, 
sign conventions are as in Landau, Lifshitz [16]. Stroke, 
comma, and semi-colon indicate differentiation with respect 


to 4-dim., 3-dim. and 2-dim. metrics respectively, and QU, 


Oe ee 
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A, and A indicate the Laplacian in 4, 3, and 2 dimensions. 


§4.2 Geometrical Equations 


For a static space-time there exists a time-like, 
nowhere vanishing Killing vector field &* which is hyper- 
surface orthogonal. Let t be the global time defined by 
these hypersurfaces, and x!, x*, x* intrinsic coordinates 
of the hypersurface y. Then the metric can be written 

ds*=y; 5 (x*)dxtax) = Ws tshes ; 
where V?:= ae 
is a function on 2, positive in the static region, which 


tends to 1 at infinity by the asymptotical flatness con- 


dition and to zero at the event horizon. 


We assume that V has no critical points. Then 
V can be used as a coordinate in ¥, and the 3-metric 
written in the form 


¥;50xtdxJ=7,,40"d0" + p2av? ; 


where Ths is the induced metric of a surface V=constant, 
and 


a. = ee 
e) : Y el PS ° 


We also introduce the second fundamental form 


Kip of the surfaces V=constant, where 


Kap- (9,5) a ; 
The following purely geometrical equations can now be 


obtained by calculating the Christoffel symbols and using 
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them to express the Riemann, Ricci, and Einstein tensors in 


3-dim., and 2-dim. formalisms. 
3-dimensional formalism 
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Ry 9 =VAV ; Re =0 , 
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2-dimensional formalism 


is =7) AB avy _ JRok 
(3) Ree 1/20 a ’ av, Yo ; 
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It should be emphasized at this point that no field 


equations were used in obtaining the above equations. 
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The following geometric equations are obtained 
for the scalar field $ of the Brans-Dicke theory in 3-dim. 


and 2-dim. formalism. 


3-dimensional formalism 


= -y2 va ._ = — 
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2-dimensional formalism 
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where V=x!?!. 


§4.3 Field Equations 


If we now introduce the Brans-Dicke field equations 
for the static vacuum case, we obtain the following equations 


in the 3-dimensional formalism. 
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Therefore, in the 2-dimensional formalism, the 


above equations become 
(9) te ae = aC ; 
(10) R+K kK - K?= wo7 726 7A = 
- wo ?p72 (36/aVv)2 - 267 !v-!97? a6 
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But (14) together with (3) gives 


Sree! 


(15) [v/¥p-? 2%) = - v(/¥ poi) 


84.4 Proof that @ is constant 


If space-time is asymptotically Euclidean, then 

for small e>0 the surface V= 1 - e€ is diffeomorphic to a 
Sphere, and therefore so are all surfaces V = constant, 
Since V has no critical point. Moreover, an asymptotic 
expansion in terms of 1/r of equation (8) gives 

V=ie= msr + Olre-) A 
(16) 

$= +.0/r + Or -) ‘ 
where $? is assumed to tend to 1 at infinity, m is a constant 
that can be shown to be the mass of the black hole, a is 


eonstant, and 1r-= Yy5e for an asymptotically Cartesian 


coordinate system. 


Now, if this static space-time did not contain a 
black hole, but was everywhere static and regular with 
some matter satisfying T=T <0 (27622 0sp<01/3"e) for a per- 


fect fluid), then we have instead of (8) 


Ad + Voiwet _ = KT/(3 + 2u)<0 ; 


’ 


and the maximum principle implies that ¢ can have no 
minimum on ©. If we assume that the static black hole was 
created by the collapse of such reasonable matter, we 
conclude that $31 everywhere in the static region. Since 


@~ stands for the gravitational constant, we may assume 


ie a 


mt Pal 
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that ¢ should remain bounded on the horizon. 


Since the horizon is given by V=0, and is by 
assumption a regular surface of space-time, every 4-dimen- 
sional scalar is bounded. In particular, Rypygraey® is 
bounded. Therefore, (1) and (7) give 

4 4 33. 
(17) 1/4 Rvp sROBYS= 1/4 R,. Rijkm = ae 
/4 Rogyé a Rs skm® eae! EAB 


(A 4 p7* (99/aV) 2] : 


and (17) together with (12) gives 
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1 i r) = 
(19) Pen (0787, Oo) a= OYA ers) oF = [07 om, oo) =sO(Voc a, 
20 od : ie v2 = 2 ‘ 
(20) se (076.6 2e=..0.(6Vp0-) 


But (13) and (20) give 


y [Yy/o] (0,061,602) = O(-vyv) . 


Now, if the 2-surface V=0 has a regular induced metric, then 
0 is bounded on v=0. Then (19) implies that p(0,6',0*)=p, 


=constant on the horizon. 


Combining (10), (12), and (14) gives 


v iK= 1/2 oR + 1/2 pee Kae - 1/2 pK? - 


= ° —y = 2 = 
- 1/2 pwd? ,o)% + gto? SE - go tp? 20 36 


a ee - 7A 
+ 1/2euge np * Sy +°¢° 16.40 


.tositod ont a6 bebaved aismez biveda ¢ tadz 


vd af Buns ,0=V vd nevip ef nosited sds oonte 


“cemib-b yrevo ,emtt~-oosaz to sostzue walupsa 5s noLigqmueas 


oi oyRe gH \xsivotixsg al .bshawod ef ssisoe {snote 
svip (T) Bas (I) ,exeteren? . bebnuod 
Af. we slat tok : ala a : ' 
x <1 av mA =v ng ai * 
es Mati” B\t layagt MAL ATED q 


_ 


| [3qVe\q6) *"q Age gos 4 i. 
AY Pe 
aavip (Sf) \deiw- xsenzepos (Vf) bas 
A 
(qv)o = (*6,'a.,0)8 . (vO = (78, “OO (8£) 7 
(“qvyo = 176.6) Be . veo = (*6, 8x8) sue (EL) 


(*oVh)0 = (56,7 O07 0S8 (OS) 


avip {0&8) bits (fL£) 08 


~ 
(V¥v-)0 = (58,'9,0) fo\yeea oe 


— 


moedd ,oitjom Osoubai tslupes «4 een 0=V enstxua~S edt i wou 
« . k) , = 
99= 1° 0.16, 0).q daria estiomi (85) asdT .G=V so Bobaued ei q- 
-nositod six ao tustenoo= 


- 25 - 


miererore,, using (18) ," (19), ana 20), 
(21) lim V-*K= 1/2 p,R(0,0',07) - 1/2 p,wo 76_,74(0,0',67) 
v>0 Be 
~ - 2 - : 
+ 469°? B59 (0,07,07) + o *pFMG. (0,07 ,07) 


Contracting (ll) andZusing @#8), (19), (20) and (21) gives 


(22) lim V 'K = 172 5 R(0,65707) 
v0 : . 

nick ye =? ‘(0,6°76-) + 20,0" 6" 
/2 pwd *o no" C ee ) 
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3 343-4 
From (17) and (2), 4 Ry RY = (R)2 is bounded. Recall (3), 


(4), (5), and (6), and note that 
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Tomas AOL TOO ENT By ae ae 
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Recall that the 2-surface V=0 is assumed to have a regular 


induced metric. Then R(0,6!,6%) is bounded. This implies 


K 
that geBC 


is bounded, which, with (18), implies that ae 
P) 


is bounded. 
The preceding two statements, together with (18), 
(19) ,.,and (22), -implvetnet din is bounded on the horizon. 


Eclat ae and oF are bounded everywhere. 
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Integrate (15) over 2, noting that the integral 
of the term on the right, being a 2-divergence, vanishes 
when taken over any closed 2-space V = constant. Thus, by 


Stokes's theorem, 
[ [ vp7? 22 VF aetae? 
V=c dV 


is independent of c. Since p ? ot and the surface area are 
bounded on the horizon V=0, the integrand vanishes for c=0. 
Therefore, since @ itself is bounded on the horizon, it 


follows that 


(23) PaO on ee yede do-s— 500. 


From (15), the following identity can be obtained 


[y7Vp* 28] = vp™! (34/av)?+ vod. ,o7™ 


- ViV¥)"(oov¥ 67") 


By integrating over 2, the following inequality can be 


deduced 


(25) [ J (vp 16 2%) VF aotae? > f f (vo 16 22) v7 ae'de? 
V=1 av V=0 ov 


From (24) it is clear that equality holds iff 


90 3 
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everywhere on 2. But the left side of (25) is zero by the 
asymptotic condition (16). Therefore, the fact that (26) 
must hold implies that $ = constant throughout =. There- 
fore, from (16), 6 = 1 in our units, and thus the field 
coincides with the Schwarzschild solution of Einstein's 


equations. 
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CHAPTER V 


Conclusion 


We have therefore proved in the static case the 
conjecture that black holes in Brans-Dicke theory are 


precisely the same as in general relativity. 


It has recently been proved independently by 
Hawking [13] and by Bekenstein [1] that stationary black 
holes in Brans-Dicke theory are precisely the same as in 


general relativity. 


Therefore, the results on stationary black holes 
in general relativity which were summarized in Chapter II 
are also valid in Brans-Dicke theory and there is no 
qualitative difference between the two theories regarding 


this phenomenon. 
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